Mathematica 11.3 Integration Test Results

Test results for the 136 problems in "8.5 Hyperbolic integral
functions.m"

Problem 6: Unable to integrate problem.

SinhIntegral [b x]
J dx

X
Optimal (type 5, 38 leaves, 1 step):

1
— b x HypergeometricPFQ[ {1, 1, 1}, {2, 2, 2}, -bx] +
2

1
— b xHypergeometricPFQ[ {1, 1, 1}, {2, 2, 2}, bXx]
2

Result (type 8, 10 leaves):
JSinhIntegral[b X] dx

X

Problem 39: Unable to integrate problem.

Jsinh[b x] SinhIntegral[b x] q
X

x3

Optimal (type 4, 96 leaves, 14 steps):
bCosh[bx] Sinh[bx] Sinh[b x]? _ bsinh[2bx]

2% 4 x? 4 x
b Cosh[b x] SinhIntegral[b x Sinh[b x] SinhIntegral[b x 1
[ox] gralibx] [OX] gra’[bx] + — b? SinhIntegral[bx]?

2 X 2 x2 4

b% CoshIntegral[2b x] -

Result (type 8, 14 leaves):
Jsinh [bx] SinhIntegral[b x]

dx
x3

Problem 47: Unable to integrate problem.

dx

JCosh [bx] SinhIntegral[b x]
2

X

Optimal (type 4, 44 leaves, 7 steps):
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Sinh[2bx] Cosh[bx] SinhIntegral[bx] 1 . )
b CoshIntegral[2b x] - - + — b SinhIntegral[b x]
2Xx X 2

Result (type 8, 14 leaves):
JCosh [bx] SinhIntegral[b x]

dx

x2

Problem 63: Result more than twice size of optimal antiderivative.

JX Sinh[a + b x] SinhIntegral[c +d x] dx

Optimal (type 4, 371 leaves, 24 steps):
Cosh[a—cA+(b—fd)x]._Cosh[a+cAf(bﬁfd)x]__COSh[a"%f]COShIntEgPal[QL%QL+ (b-d) x]
2b (b-d) 2b (b+d) 2b?

Cosh|a - bdfc} CoshIntegr‘al[gZﬂLJr (b+d) x] cCoshIntegr‘al[ﬂt;;dL + (b-d) x| Sinh[a - "d—c]

+

- +

2 b? 2bd
cCoshIntegr‘al[c—‘?—d)— + (b+d) x] sinh[a- bd—c}

2bd
cCosh|a- bd—c} SinhIntegr‘al{ﬂZ;d)—+ (b-d) x] sinh|a- bd—c} SinhIntegr‘al[c—“;;d)— + (b-d) x]

- +
2bd 2 b?
x Cosh[a + bx] SinhIntegral[c +dx] Sinh[a+bx] SinhIntegral[c +dXx]
- +

b b?
c Cosh[a- bdfc} SinhIntegr‘al[gZﬂLJr (b+d) x| Sinh[a- bd—c} SinhIntegr*al[gde“'LJr (b+d) x]

+

2bd 2b2

Result (type 4, 887 leaves):
1
4b? (b-d)d (b+d)
2bd?Cosha-c+bx-dx] -2b?dCosh[a+c+ (b+d) x| +2bd?Cosh[a+c+ (b+d) x| -

2b?dCosh[a-c+bx-dx] +

b-d d
2 (b* - d?) CoshIntegral|- < > jc +dx) ] (d Cosh|[a - bCTC] +besinh[a- b(Tc]) ’
b+d d
2 (b% - &) CoshIntegral| (o) £C+ x) ] [dcoshla- bd_c] +besinh[a- bd_c]] i

4b3dxCosh[a+bx] SinhIntegral[c+dx] -4bd?xCosh[a+bx] SinhIntegral[c+dx] -
4b%2dSinh[a+bx] SinhIntegral[c+dx] +4d>Sinh[a+bx] SinhIntegral[c+dXx] -

[( d) c+dx)]

3 bc .
b® c Cosh|a- — | SinhIntegral
d

c+dx>

|+

(

d

b?d Cosh|a - b7c] SinhIntegral| (b-d) j
(b d) <C+dx) ] .

bc
bcd?Cosh[a- 7} SinhIntegral|

wfd)(c+dx)
d

3 bc i
d® Cosh|a - 7] SinhIntegral|

] -
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(

b-d) (c+dx)
(b-d

3 s be, ..
b*c Sinh|a- T] SinhIntegral|

] _
]+
(b-d jc+dx)]+
(b-d) (c+dx)

(
d
d
b?>d Sinh|a- bd_c] SinhIntegral| ) (jc +dx)
)

2 s b, .
bcd?Sinh[a y | sinhIntegral|

bc
d®sSinh|a - 7] SinhIntegral|

|+

b+d d
2b%cCosh[a- b—c} SinhIntegral| (b+d) jc+ X) |-

(b+d) (c+dx)

d
<b+d) <C+dx)

d
(b+d) (c+dx)

d

2bcd?Cosh|a- bd_c} SinhIntegral| |+
] _
] +

bc . bc
b* c Cosh|a - T] SinhIntegral|c - o bx+dx] -

2b*dSinh|a- b—c} SinhIntegral
gral|

bc
2d®Sinh|a- T] SinhIntegral|

bc . bc
b?d Cosh[a- — | SinhIntegral[c- — -bx+dx] -
d
bc bc
bcd?Cosh[a- 7} SinhIntegral|c - 77bx+dx} +
bc bc
d® Cosh|a - 7] SinhIntegral|c - o bx+dx] -
3 . bc . bc
b* c Sinh|a - T] SinhIntegral|c - 7—bx+dx} +
2 . bc . bc
b?dSinh[a- — | SinhIntegral|c - 77bx+dx} +
. bc . bc
bcd?Sinh[a- 7} SinhIntegral|c - 77bx+dx} -

3 s bc . bc
d®sSinh|a - 7] SinhIntegral|c - o bx+dx]|

Problem 66: Result more than twice size of optimal antiderivative.

Jx Cosh[a + b x] SinhIntegral(c +dx] dx

Optimal (type 4, 371 leaves, 24 steps):
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cCosh|a- b(ﬂ CoshIntegr‘al[gZ;dL+ (b-d) x] )

2bd
cCosh|a- bﬂﬂ CoshIntegr‘al{gZﬂL+ (b+d) x] CoshIntegr‘al{ﬂt;;dL+ (b-d) x] Sinh|a- b(TC]

+

2bd 2b?

CoshIntegral| <®-+ (b+d) x| Sinh[a- 2] sinh[a-c+ (b-d) x] Sinh[a+c+ (b+d)X]

207 " 2b(b-d 2b (b+d)

Cosh|a - bd—c} SinhIntegr‘al[gz;d)—Jr (b-d) x| csinh[a- bd—c} SinhIntegr‘al[gZ;d)—Jr (b-d) x]

2 b? 2bd
Cosh[a + b x] SinhIntegral[c+dx] xSinh[a+bx] SinhIntegral[c +d x]

+ +

b? b

Cosh[a - bd—c} SinhIntegr‘al[uzﬂ)—+ (b+d) x] ) cSinh|a- bd—c} SinhIntegr‘al[c—”;ﬂ)— + (b+d) x|

2 b? 2bd

Result (type 4, 887 leaves):
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1
4b% (b-d) d (b+d)

(b-d) (c+dx)
d
(b+d) (C+dx)

d
2b?dSinh[a-c+bx-dx] +2bd?Sinh[a-c+bx-dx] -2b>dSinh[a+c+ (b+d) x| +
2bd?sinh|a+c+ (b+d) x| -4b>dCosh[a+bx] SinhIntegral[c+dx] +
4 d3 Cosh[a+bx] SinhIntegral[c+dx] +4b3dxSinh[a+bx] SinhIntegralc+dx] -

-2 (b27d2> CoshIntegral[— ] (bcCosh[af bd—c} +dSlnh[ bi}) N

2 (b*-d?) CoshIntegral| ] (bcCosh[a— b(Tc] +dSinh| TC ]
N

bc (b-d) (c+dx)
4bd®xSinh[a+bx] SinhIntegral[c+dx] - b?cCosh[a- 7} SinhIntegral| y | -
b-d d
b? d Cosh|a - b(Tc] SinhIntegral| ( ) (jc +dx) ] +
b-d d
bcd?Cosh[a- bd_c} SinhIntegral| ( ) (gc +dx) | +d®Cosh[a- bd_c}
(b-d) (c+dx) b-d) (c+dx)

| -b*csinh|a- bic] SinhIntegral|
d d d

(b-d) (c+dx)
d

SinhIntegr‘al[

b%d Sinh|a - bd_c] SinhIntegral| | +bcd?Sinh|a- b?}

b-d d b -d d
SinhIntegral| | ) £C+ x) ] +d®sinhfa- bdc] SinhIntegral| ( ) C(JC+ x) ]+
b+d d
2b?d Cosh|a - bd_c} SinhIntegral| (b+d) (ic +dx) ] -2 Coshl[a - bdc}

b+d d
( " )£c+ X)szscsinh[abdc]sinhIntegr‘al[ p

(b+d) (c+dx)
d

SinhIntegr‘al[

2bcd?Sinh|a- bd_c} SinhIntegral| | -b*ccosh[a- bd_c]

) bc bc . bc
SlnhIntegr'al[c - 7 -bx+d x] + bZdCosh[a - T] SlnhIntegr‘al[c - 7 - bx+dx} +
) bc . bc bc
bcd Cosh[a— ?} SlnhIntegr‘al[c— 7—bx+dx} -d3 Cosh[af ?}
. bc X bc . bc
SinhIntegral|c - o bx+dx| +b?cSinh[a- 7] SinhIntegral|c - o bx+dx| -

. bc . bc . bc
b%d Sinh|a - T] SinhIntegral|c - 7—bx+dx} -bcd?Sinh[a- —]

. bc . bc, . bc
SinhIntegral|c - o bx+dx| +d®Sinh[a- 7] SinhIntegral|c - o bx+dx]|

Problem 74: Unable to integrate problem.

CoshIntegral[b x]
J dx

X

Optimal (type 5, 52 leaves, 1step):
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1

- — b xHypergeometricPFQ[ {1, 1, 1}, {2, 2, 2}, -bXx] +
2
1 _ 1 5
— b xHypergeometricPFQ[ {1, 1, 1}, {2, 2, 2}, bx] + EulerGamma Log[x] + — Log[b x]
2 2

Result (type 8, 10leaves):
JCoshIntegr‘al[b X] dx

X

Problem 107: Unable to integrate problem.

JCosh [bx] CoshIntegral[b x] q
X

x3

Optimal (type 4, 96 leaves, 14 steps):
2
- Cosh[b x] B Cosh[b x] CoshIntegral[b x] N 1 b2 CoshIntegral [b x]2 -
4 x? 2 x? 4

b Cosh[bx] Sinh[bx] b CoshIntegral[bx] Sinh[bx] bSinh[2b x]

b% CoshIntegral[2bx] -
2 X 2 X

Result (type 8, 14 leaves):
JCosh [bx] CoshIntegral[b x]

dx
x3

Problem 115: Unable to integrate problem.

JCoshIntegr‘al [bx] Sinh[b x] q
X

x2

Optimal (type 4, 44 leaves, 7 steps):

1
— b CoshIntegral[bx]?+b CoshIntegral[2bx] -

4x

CoshIntegral[bx] Sinh[bx] Sinh[2b x]

2 X 2 X

Result (type 8, 14 leaves):
JCoshIntegr‘al [bx] Sinh[b x]

X

XZ

Problem 131: Result more than twice size of optimal antiderivative.

JX CoshIntegral|c +dx] Sinh[a + b x] dx

Optimal (type 4, 371 leaves, 24 steps):
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cCosh|a- b(TC] CoshIntegr‘al[gi’j’—dL +(b-d) x|

+

2bd
x Cosh[a +bx] CoshIntegral[c +d x] cCosh|a - b(Tc] CoshIntegr‘al[gT—dL +(b+d) x|
+ +
b 2bd
CoshIntegr‘al[ﬂZ;dL + (b-d) x] Sinh[a - "d—c] ) CoshIntegral[ﬂ%L+ (b+d) x| Sinh[a- bd—c] 7
2b2 2b2
CoshIntegral[c+dx] Sinh[a+bx] Sinh[a-c+ (b-d)x] Sinh[a+c+ (b+d)x]
b? 2b (b - d| 2b (b+d)
Cosh[a - "d—c} SinhIntegr‘al[ul;;d)—+ (b-d) x] ) cSinh|a- "d—c} SinhIntegr‘al[c—“Z;d)—+ (b-d) x] )
2 b? 2bd

Cosh|a - bd—c} SinhIntegr‘al[ﬂl;;d)—Jr (b+d) x] ) cSinh[a- bd—c} SinhIntegr‘al[ﬂt;;d)—Jr (b+d) x]

2 b? 2bd

Result (type 4, 916 leaves):

1 bc (b+d) (c+dx)
2b3 c Cosh|[a - — | CoshIntegral| ] -
4 b? (b—d>d<b+d> d d
b+d d
2bcd?Cosh|a- bdic} CoshIntegral| (b+d) (E(H x) |+

b+d d
2b2dCoshIntegr‘a1[( +d) (c+dx]

X bc
]Slnh[afT] -

d
b+d d
2 d° CoshIntegral | b+ ><§c+ X) ] sinh[a- bf] .
(b-d) (c+dx)

2 (b*-d?) CoshIntegral |- | |[bccosh|a- bd_c} +dSinh|a- bd_c} +

d
4d (b*- d?) CoshIntegral[c+dx] (bxCosh[a+bx] -Sinh[a+bx]) -
2b>dSinh[a-c+bx-dx] -2bd*Sinh[a-c+bx-dx] -2b>dSinh[a+c+ (b+d) x| +
(b-d) (c+dx)

|+

d

2bd?sinh|a+c+ (b+d) x| +b*>cCosh|a- b(TC] SinhIntegral|

b-d d
b%d Cosh|a - bd_c] SinhIntegral| ( ) CEC + dx) ] -

(b-d) (c+dx)

d

b-d d
d® Cosh|a - b_c] SinhIntegral| ( ) (ic +dx) |+
( ) (c+dx)

] _

bc
bcd?Cosh[a- 7} SinhIntegral|

bc
b* ¢ Sinh[a- —| SinhIntegral|

] +

b-d
b-d

(
d
d
b%d Sinh|a - b_c] SinhIntegral| ) (gc +dx)
)

(b-d) (c+dx)
d

bc
bcd?Sinh[a- 7} SinhIntegral|

] _
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b-d d
d®>Sinh|a - bi] SinhIntegral| ( ) CEC +dx) ]+

(b+d) (c+dx)
d

bc
2b?dCosh|[a- 7} SinhIntegral|

] _
b+d d
2d° Cosh[a- bic] SinhIntegral| (b+d) (jc +dx) |+

(bra) crax],
d
<b+d) <c+dx) } N
d

bc
2b3cSinh[a- 7} SinhIntegral|

2 e be, .
2bcd Slnh[a - ?} SlnhIntegr'al[
bc . bc
b c Cosh[a - —] SlnhIntegr‘al[c -— - bx+dx} -
bc . bc
b? d Cosh|a - T] SinhIntegral[c- — -bx+dx]| -
bc bc
b ¢ d? Cosh|[a - 7} SinhIntegral|c - T—bx+dx} +
bc i bc
d® Cosh[a - — | SinhIntegral [c - o bx+dx| -
bc bc
b*>cSinh|[a- —| SinhIntegral[c- — -bx+dx]| +

d d

) X bc . bc
b’ d Sinh|a- T] SinhIntegral|c - 7—bx+dx} +

. bc, . bc
bcd’Sinh[a- 7} SinhIntegral|c - T—bx+dx} -

) bc, . bc
d3 Slnh[a - ?] SlnhIntegral[c - 7 - bx+dx}

Problem 134: Result more than twice size of optimal antiderivative.

Jx Cosh[a + b x] CoshIntegral[c+dx] dx

Optimal (type 4, 371 leaves, 24 steps):
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_Cosh[a—c+ (b-d) x] _Cosh[a+c+ (b+d) x]

2b (b-d) 2b (b+d)
Cosh[a - b,Tc} CoshIntegral | < Zﬁd +(b-d) x| Cosh[a+bx] CoshIntegral[c +d x]
- +
2b? b2
Cosh[a - bd—c} CoshIntegr‘al[uz;d)— + (b+d) x] ) cCoshIntegr‘al[ﬂZ;d)— + (b-d) x] Sinh|a- bd—c] )
2 b? 2bd
c CoshIntegrall € L:d +(b+d) x| sinh[a - bd_c} x CoshIntegral[c +d x] Sinh[a + b X]
+ +
2bd b
c Cosh[a- bd—c} SinhIntegr‘al[gz;dL+ (b-d) x| ) Sinh|a- bd—c} SinhIntegr‘al[ﬂZ;d)—+ (b-d) x] )
2bd 2 b?

c Cosh[a- bdfc} SinhIntegr‘al[gzﬂLJr (b+d) x] ) Sinh[a- bd—c} SinhIntegr*al[gdedLJr (b+d) x]

2bd 2b2

Result (type 4, 916 leaves):
1

4b2 (b-d)d (b+d)

-2b’dCosh[a-c+bx-dx] -2bd?Cosh[a-c+bx-dx]-2b*dCosh[a+c+ (b+d) x] +

(b+d) (C+dx>

2bd?Cosh[a+c+ (b+d) x] +2b*dCosh[a- bic] CoshIntegral| y

] -

b+d d b+d d
(b+d) c(lc +dx) | +2b?c CoshIntegral | (b+d) (EC +dx)
b+d) (C+dx>

]

bc
2d° Cosh|[a- T] CoshIntegral|

. bc . bc
Slnh[a— 7] -2bcd? CoshIntegr‘al[ ] Slnh[a— ?} +

(b-d) (c+dx)

2 (b*-d?) CoshIntegral|- | |dcCosh[a- bd_c] +bcSinh|a- bd_c} +

4d (b*-d?) CoshIntegral[c+dx] (-Cosh[a+bx] +bxSinh[a+bx]) +
(b-d) (c+dx)
|+

bc
b* c Cosh[a - T] SinhIntegral|

) bc .
b-d Cosh[a - 7] SlnhIntegr‘al[

b ¢ d? Cosh|[a - b_c} SinhIntegral|
d g d

b-d d
d® Cosh|a - b(Tc] SinhIntegral| ( ) (c +dx) |+

>

(

d
d) (c+dx)
d

)

b* c Sinh|a - bd_c] SinhIntegral| (b-

b?dSinh|a- bd_c] SinhIntegral| (b-

bcd’Sinh[a- bd_c} SinhIntegral| (b- |-
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b-d d
d®>Sinh|a - bi] SinhIntegral| ( ) (‘EC +dx) ]+

(bra) crax],
d
(b+d) <C+dx)

2bcd?Cosh|a- bdic} SinhIntegral| y ]+

(b+d) (c+dx)
d

bc
2b3 cCosh[a- 7} SinhIntegral|

bc
2b?dSinh[a- 7} SinhIntegral|

} _
b+d d
2d°sinh[a- bcTc] SinhIntegral| (bd) jc +dx) ] -

bc bc

b3 cCosh[a - —] SinhIntegr‘al[c - 7—bx+dx} +
bc bc

b? d Cosh|a - T] SinhIntegral|c - 7—bx+dx} +

bc bc
b ¢ d? Cosh|[a - 7} SinhIntegral|c - T—bx+dx} -
bc i bc
d® Cosh[a - — | SinhIntegral [c - o bx+dx| +

3 X bc . bc
b c51nh[a— 7] SlnhIntegr‘al[c— 7—bx+dx} -

2 . bc . bc
b’ d Sinh|a- T] SinhIntegral|c - 7—bx+dx} -

. bc, . bc
bcd’Sinh[a- 7} SinhIntegral|c - T—bx+dx} +

) bc, . bc
d3 Slnh[a - ?] SlnhIntegr'al[c - 7 - bx+dx}
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Summary of Integration Test Results

136 integration problems

A - 126 optimal antiderivatives

B - 4 more than twice size of optimal antiderivatives
C - O unnecessarily complex antiderivatives

D - 6 unable tointegrate problems

E - Ointegration timeouts



